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Abstract: This paper presents a general and systematic analysis of the
problem of electromagnetic scattering by an arbitrary finite fixed object
embedded in an absorbing, homogeneous, isotropic, and unbounded
medium. The volume integral equation is used to derive generalized
formulas of the far-field approximation. The latter serve to introduce direct
optical observables such as the phase and extinction matrices. The
differences between the generalized equations and their counterparts
describing electromagnetic scattering by an object embedded in a non-
absorbing medium are discussed.
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1. Introduction

The past decade has revealed a growing interest in the problem of electromagnetic scattering
by particles embedded in an absorbing host medium (see, e.g., [1-7] and references therein).
The objective of the mgjority of publications on this subject has been to argue what modified
guantities should serve in lieu of their conventional analogs appearing in the theories of single
scattering and radiative transfer by spherical particles embedded in a non-absorbing host
medium [8-14]. The intent of this paper and its multiple-scattering companion [15] is
somewhat different. The maor objective is to perfform as general an analysis of
electromagnetic scattering as possible without providing a detailed microphysical
specification of the scattering object and entering it into a numerical solver of the Maxwell
equations. | will assume, in particular, that particles are arbitrarily sized, shaped, and
oriented. The main subjects of this paper are single scattering by a fixed finite object, the far-
field approximation, and reciprocity relations. 1n[15], | will analyze the problem of multiple
scattering and provide a direct microphysical derivation of the radiative transfer equation
which yields unambiguous formulas for the participating quantities. The common philosophy
adopted here as well asin [15] isthat atheoretical quantity is worth being introduced only if it
describes an actual optical observable or enters explicitly a formula for an actual optical
observable.

To achieve this overall objective, | will parallel the systematic analysis of electromagnetic
scattering presented in [13, 14] with emphasis on the specific changes caused by letting the
host medium be absorbing. | will assume that the reader has access to [13, 14] and will use
the same terminology and notation.

2. Volumeintegral equation

Consider a fixed scattering object embedded in an infinite, homogeneous, linear, isotropic,
and potentially absorbing host medium. The scatterer occupies a finite interior region Vit
and is surrounded by the infinite exterior region Vegyxr such that Viyr UVer = R3, where
%2 denotes the entire three-dimensional space. The interior region is filled with an isotropic,
linear, and possibly inhomogeneous material. The scatterer can be either a single body or a
cluster with touching and/or separated components. Point O serves as the common origin of
all position vectorsr and as the origin of the laboratory coordinate system (Fig. 1).

The frequency-domain monochromatic Maxwell curl equations describing the scattering
problem are asfollows [ 16]:
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Fig. 1. Electromagnetic scattering by a fixed object.

VXEQ) = iowH(r) } v "

VxH({) = —iwe E(r)

VXE(r) = iop,H(r) } v
INT?

VxH(r) = —iwe,(r)E(r) 2

where i = (-1)¥?, E isthe electric field, H is the magnetic field, » isthe angular frequency,
w, and ¢ are the permeability and complex permittivity of the host medium, and p, and
&,(r) are the permeability and complex permittivity of the scattering object. Note that ¢, is
allowed to vary throughout the scattering object, wheress ¢, p;, and p, are assumed to be
arbitrary but constant. Since the first relations in Egs. (1) and (2) yield the magnetic field
provided that the electric field is known everywhere, we will look for the solution of Egs. (1)
and (2) in terms of only the electric field. The latter satisfies the following vector wave
equations:

VXVXE() — KEF) =0, e Vg, €)
VXVXE(r) - K3(NEr) =0,  re V. (4)

where the wave numbers of the exterior and interior regions, k,= w[en]"? and
k,(r) = w[sz(r)uz]l/z, are, in general, complex-valued. It is convenient for our purposes to
represent the wave number of the host medium in terms of its real and imaginary parts:
k,= K+ ik, where K, >0 and ki>0. Equations (3) and (4) can be rewritten as a single
inhomogeneous differential equation

VxVxE(r) — KXE() = jIr), reXR’ (5)
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where

i) = K70 - TEO), ©)
. 1, reVygqn
T = 1m0 = kK T € Vi 0

and m(r) is the refractive index of the interior relative to that of the exterior. The complex
wave numbers and the relative refractive index are, in general, frequency-dependent. It
follows from Eq. (6) that the forcing function j(r) vanishes everywhere outside the interior
region.

Repesating step-by-step the derivation outlined in Section 2.1 of [13] or Section 3.1 of [14],
one can show that the general physically appropriate solution of Eq. (5) can be written in
terms of the solution of the conventional volume integral equation (VIE) [17]:

exp(ikylr =)

, reR (8
4z|r —r’| € ®

E(r) = E™(r) + kf[r + k—12V ®V]' JA dr’'[m?(r") - E(r")
1 VINT

where E™(r) istheincident field, I isthe identity dyadic, ® isthe dyadic product sign, the
dot is the scalar product sign, and the wave number of the host medium is now explicitly
allowed to be complex-valued. An essentia ingredient of this derivation is the fact that the
physically appropriate solution of the Helmholtz equation (V? + k) g(r,r’) = -38(r —r”) with
a complex k, is g(r,r’) =exp(ikj|r —r’|)/4z|r —r| [18], where &(r —r") is the three-
dimensional delta function. The second term on the right-hand side of Eq. (8) satisfies the
requisite Sommerfeld radiation condition at infinity [18] and gives the scattered field EX(r).
The latter can be expressed in terms of the incident field asfollows:

2 Az|r —1’|

VINT

) ik, |r =17 ) .
E=(r) = [| +k—1ZV®V].j o SRR =T 1 ke 1y B, re 9 (9)
VINT

where T isthe dyadic transition operator satisfying the following integral equation:
T(r,r’) = Km?(r) =080 —r")I’

- exp(ik,|r —r”|) -
+ Km*(r)-1| | +%V®V I dr”MT(r”,r'), r,r’e V.
1 Nint Tlr—r]

(10)

Again, this equation does not differ mathematically from Eqg. (2.18) in [13] or Eq. (3.1.24) in
[14], but now the absorptivity of the host medium can affect its solution via the modified
relative refractive index, Eq. (7), and the explicitly complex-valued wave number of the host
medium.

3. Scatteringin thefar-field zone

Let us now choose the origin O close to the geometrical center of the scattering object and
assume that the distance r from O to the observation point r (Fig. 1) is much greater than any
linear dimension of the scattering object:

r > r’ forany r'eV,, (11)
where r =|r| and r’ =|r’| We also assume that
|k, |r"? ,
o < 1 forany r'e V. (12)
"

Since
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A 7 ’2 ’2
|r—r'|:r‘/1—2%+rr—2:r—F~r'+r2r, (13)

where f =r/r isthe unit vector in the direction of r (Fig. 1), we have

exp(ikyr —r']) _ exp(ik,r —ik,f-r")

= 14
4r|r —r’| 4xr (1)
Finally, assuming that
lk,Ir > 1, (15)
we obtain from Egs. (8) and (14)
ik
EX(r) = M ES(F)
r
o eXPKT) e
= exp(kin ST ey, (18)

where the distance-independent amplitude of the transverse outgoing spherical wave is given
by
K2 .
EFA () = 4—1(I - F®f)- dr'[m?(r") - E(")exp(=ik,f -r"), 7 -E2(F) =0. (17)
T VINT
The generalized far-field equations (16) and (17) show that the scattered field is attenuated not
only by the factor 1/r but also by the exponential absorption factor exp(-Kr).

Let us now assume that the incident field is a homogeneous plane electromagnetic wave
given by

E™(r) = exp(ik,A™- r)EM, EX-A™ = 0. (18)

Note that E‘onc is the electric field at the origin of the laboratory coordinate system. We then
have

EF(R™) = A@™,A™)- EJF, (19)
where A¥? = f isthe scattering direction (see Fig. 1), A isthe scattering dyadic such that
A% AR, A™) = 0 and AR A™)-A™ = 0, (20)

and O is a zero vector. The expression for the scattering dyadic in terms of the dyadic
transition operator follows from Egs. (9) and (20):

AR, ™) = 4i(l" - AR @A) | drexp(-ik,Ai™ 1)
44

VINT

x J. dr’T(r,r")exp(ik,A™-r”) - (I — A™ ® A™). (21)
VINT

The elements of the scattering dyadic have the dimension of length and are independent of the
distancer to the observation point. However, A depends on the exact choice of the origin O
with respect to the scattering object. The dependence of the scattering dyadic on the
absorption properties of the host medium enters through a non-zero value of ki in Egs. (21)
and (10) and through the relative refractive index in Eq. (10).

Equation (20) shows that only four out of the nine components of the scattering dyadic are
independent in the spherical polar coordinate system centered at the origin, Fig. 1. It is,
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therefore, convenient to introduce the 2x2 amplitude scattering matrix S describing the
transformation of the #- and ¢-components of the electric field vector of the incident plane
wave into those of the scattered spherical wave:

ik o
Esca(r ﬁsca) — exp(l lr) S(ﬁxa, ﬁln(:) Egn, (22)
r
where E denotes a two-element column formed by the - and ¢-components of the electric
field vector:
‘- ﬁ @
E(/J

The elements of the amplitude scattering matrix have the dimension of length and are
expressed in terms of the scattering dyadic asfollows:

Sy= 0% A9, (24)
Sp= 0% A. ™, (25)
Sy= ¢= A.Q™, (26)
Sp= 6% A-¢"™. (27)

From now on, | will assume that the scattering dyadic and the scattering amplitude matrix
can be computed for a given scattering object by solving the differential Maxwell equations
(subject to appropriate boundary conditions) or their integral counterparts. Although many
solution techniques discussed in [13, 19-22] have been traditionally applied to objects
embedded in a non-absorbing host medium, the requisite extension to the case of an absorbing
host medium is usually straightforward (cf. [3, 23, 24]).

4. Electromagnetic power

Let us now consider the classical scattering situation shown in Fig. 2. A finite fixed object is
centered at the origin of the laboratory coordinate system and is illuminated by a plane
electromagnetic wave incident in the direction of the unit vector A™. Polarization-sensitive
detectors are located in the far-field zone of the object. The sensitive area of each detector is
modeled as a plane circular surface element S normal to and centered at a position vector r.
Each detector is assumed to be well collimated, which means that electromagnetic energy
incident on any point of the respective sensitive area S is detected only if the corresponding
propagation direction falls within a narrow acceptance solid angle © centered around f. |
also assume that the diameter of the sensitive area S is significantly greater than any linear
dimension a of the scattering object: D >> a. Thiswill ensure that the right-hand side of Eqg.
(37) below is positive, thereby making possible a meaningful measurement of extinction (see
also [25]). Itisaso assumed that the angular size of the sensitive area of a detector as viewed
from the scattering object is small so that the scattered light impinging on different parts of S
propagates in approximately the same direction. This is equivalent to requiring that r >
D/2. Furthermore, it is assumed that the solid angle subtended by the sensitive area as
viewed from the scattering object is smaller than the detector angular aperture: S/ r’<Q.
This ensures that all radiation scattered by the object in radial directions and impinging on S
is detected. Detector 1 in Fig. 2 is centered at the incidence direction, whereas detector 2 is
oriented such that the incidence direction does not fall within its acceptance solid angle:
Ae Q,

The time-averaged Poynting vector (S(r’,t)), at any point of the sensitive surface of a
detector isthe sum of threeterms:
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Scattered spherical
—™ wave

Fig. 2. Far-field optical observables.

(S, 1)), = 3Re[E()x[H(")]}

= (S™(, 1), + (S, ) + (S, ), (28)
where r’=r’f’ isthe corresponding position vector,
(S"™(r", 1)), = SRe{E™(r")x[H™(")]} (29)
and
(S, 1)), = $R[EX*(r")x[H™(")]'} (30)

are the Poynting vector components associated with the incident and the scattered field,
respectively, and

(S*(r", O = $R(E™(")X[H=()]" + EX()x[H™( )]} (31)

can be interpreted as the term caused by interaction between the incident and scattered fields

[8l.
We have for the incident wave in the far-field zone of the scattering object (cf. Appendix
B of [14]):
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E™(") = exp(ik,A™ 1) Eg°

ki ' k;
= eplKii )2 [S(n'm ) SR _ g pry SRUAT) )}E'o”i
Kr'— eo k:L r
(32)
- k, N ,
HInC(r ) — —eXp(Ik II’]C r )nIﬂC>< EI(;]C
oW
_-kl ’ ) , -k/ 4
= exp( k nmc )'2775 |:8('\|nc A ) exp( ,I ‘ ) _ S(ﬁmc— i ) exp(l, ‘i ):|
Kr'— oo kl r
X ﬁ Ainc EInC (33)
oYy
while the transverse scattered spherical wave is given by
war exp(|k r') -
EX() = ———E°(), (34)
k, k
He2(") = M" ES (). (35)
N, r’
One can now derive that the total electromagnetic power received by detector 2 is given by
, 2k
wie) = [ astcson, = srel 5 | 2R ey (3)
S 20,

whereas for the exact forward-scattering direction (detector 1) we have

V\é(ﬁinc) — J‘ dsﬁinc-<8(rl,t)>t
S

= SRE[ k jexp(—Zk N|EG” + j dSA™ - [(STA(, 1)), + (S’ 1)),]
260”1 S

~ SRG[ kl jexp(_zk’l'r)lElgclz + SRG[ k1 jexp(_zzklr)lEica(ﬁinC)lZ
20, 200, r

r? I df’'A'"™ (Se(t(rf' O
IoN

— kl a ” incy2 1 exp( 2k r) sca '*lnc
~ SRe[Z'ulJexp( 2K N|E"|” + SRe(Zwulj [EX(R"™)?
( k ]275 inc inc
- exp(—2k r)Re ) - (Ep) T, (37)
o ) K

where Q, isthe solid angle centered around the direction A™ and subtended by the detector
1 surface at the distance r from the particle.

Equation (37) generalizes the optical theorem to the case of an absorbing host medium.
The first term on the right-hand side is proportional to the detector area and is equa to the
electromagnetic power that would be received by detector 1 in the absence of the scattering
object. The third term is independent of S and describes attenuation caused by interposing
the object between the light source and the detector. Thus, the detector centered at the exact
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forward-scattering direction measures the power of the incident light attenuated by the
interference of the incident and scattered fields as well as a relatively small contribution from
the scattered light. The detector centered at any other direction registers only the scattered
light.

5. Backscattering interference

The presence of the terms proportional to 8™+ ") in Egs. (32) and (33) makes it
instructive to also consider the flow of electromagnetic energy through a surface element S
normal to the backscattering direction and centered at the position vector —rA™. The
orientation of the surface element is given by the unit vector —A'™. It is straightforward to
derive that the corresponding total electromagnetic power is given by

(™) = j dSA™. (S(r', 1),

S
k | k —2k] A
~ —SRG{ 1 Jexp(zkfl'r)lElonclz + SRG( 1 ]exp( . 1r) |Ef;a(_ﬁmc)|2
204, 20p, r
kl 2r oL’ say  Ainc incy
+ Im - Re[exp(i 2k; N EFP(—A'"™) - (Eg9)]. (38)
oy, ) K

This formula is quite interesting. The first term describes the flow of the incident energy
through S; and is negative since the direction of the energy flow is opposite to the orientation
of the surface element. The absolute value of this term increases exponentially with distance
from the scattering object. The second term is the power backscattered by the object. The
third term has no monotonous independence on r and describes the interference of the incident
and backscattered waves [26]; it vanishes if the host medium is non-absorbing [27]. The
result of the interference is a standing wave [28] which, because of the rapidly oscillating
factor exp(i2k;r), does not cause along-range transport of electromagnetic energy. However,
there is a stationary local transport of energy within wavelength-long elementary volume
elements centered at the straight line extending from the origin of the coordinate system in the
direction —A"™. Since the solution of the frequency-domain scattering problem is time-
independent, there may not be infinite accumulation of energy at any point in the medium.
Therefore, energy transported from one point of a wavelength-long volume element to another
must be absorbed by the host medium. This means that the backscattering interference causes
additional absorption of electromagnetic energy at points along the straight line extending in
the exact backscattering direction.

Although the backscattering interference is, no doubt, a real physical effect, its practical
importance is limited. Indeed, while the first and third terms on the right-hand-side of Eq.
(37) are attenuated equally by absorption in the host medium, there is a notable difference
between the first and third terms on the right-hand side of Eq. (38). In a moderately or
strongly absorbing host medium, the first term dominates the local flow of energy because of
the rapidly growing exponential factor exp(2k;r). In aweakly absorbing medium, the third
term can usually be neglected because Im(k, /u,) is much smaller than Re(k,/u,).

6. Phase matrix

Since both the incident homogeneous plane wave and the scattered outgoing spherical wave
are transverse, we can introduce the corresponding coherency column vectors, J, and Stokes
column vectors, |, as follows:
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=5 E5)
J" = Re[ 4 j S (E‘."“)k , (39)
20p, )| B (Esy)
B (E5)'
B (r ) [E=(rd™)]”
3= (A = RE{LJ EPEATES A
2o, )| EF(r®)[E (rd)]
B, (rA)EF (rA™=)]”

B (W )[E(R™)]
_ eXIO(—22|<1f) Re[ Ky J Ey (fj IE, (E\ )]; , (40)
r 2oy )| EZP(F)[EF ()]
ES(A™)[ES (™))
)+ B
"= DJ" = Re(ij Fo (B N B (Bo,) | (42)
20, )| - EF(ES) ~ E(ER)
i[Esr(Ey) — Eop (Egy)]
ES°(Er7) + ESN (B

exp(- 2K(r)

I=(r A=) = DI=(rA™) = Re[ 4 J E”SZE@*: E"ZE@ . (42)
r 2oy, )| -EN(E)") — BN (EYY)
B (B - By (BT
where
10 0 1
10 0 -1
D= . (43)
0 -1-10
0 i i 0

According to their definition, the elements of the Stokes column vectors are always real-
valued. Thefirst Stokes parameter, I, gives the total intensity of awave. It is straightforward
to show that

—2k” _ .
Jsx:a(rﬁs:a) — exp( - 1r) Zj(ﬁs:a’ ﬁInC)JInC (44)
r
and
_2k? N
Is:a(rﬁsna) — Mz(ﬁm’ﬁm)lmc, (45)
r

where the elements of the corresponding phase matrices are expressed in terms of the
amplitude matrix elements §;(7*, A"™) asfollows:
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Su” SuS. S.Si IS,
Z J S.l S;l S.Ll S:Z S.Z Sz*l S.Z $:2

= . < , b (46)
SiSi S48 S8 S:S:
IS4 SuS, S»Sh ISul°
Z(A%2 A™) = DZY(A% A™)D? (47)
or, explicitly,

Z, = 384 + 1S.P7 + 1S4 + IS0, (48)
Z,, = 3(1SuP° ~ 1S + 1S4l 1S, (49)
Z; = -Re(§;S; + S, S, (50)
Z, = -Im(§;S; - S,S), (51)
Z, = 3(1S4P + 1S = ISu* = IS5l (52)
Z,, = 31947 ~ ISP~ 1S + 1S5, (53)
Zy; = —Re(§;8; - S, S, (54)
Zy = —IM(§,S; + S, S, (55)
Zy = —Re(§;S, + S,9)), (56)
Zy, = —Re(§;S, - S, 9)), (57)
Zy; = Re(S;S, + §,S)), (58)
Zy = IM(S;S,; + S,4,S), (59)
Zy = -Im(S,8,; + S, ), (60)
Zp = —IM($4S; - S, ), (61)
Z5 = Im(S,S; - S,S), (62)
Z, = Re(S,8; - §,S5). (63)

The elements of both phase matrices have the dimension of length and are independent of the
distance from the origin of the laboratory coordinate system to the observation point. The
elements of the Stokes phase matrix are real-valued.

Let us now assume that both detectors of electromagnetic radiation in Fig. 2 are
polarization sensitive and allow one to measure al four Stokes parameters of light impinging
on them. By analogy with Eq. (36), the polarized reading of detector 2 is given by

. R exp(=2Kr) _ o airen i

Signal 2 = ASIZ(ri=) = ZPC2AD) 7en gy e (64)
r

Note that I'™ is the Stokes column vector of the incident wave at the origin of the laboratory

coordinate system.

7. Extinction matrix

Let us now consider the special case of the exact forward-scattering direction (f = A'™).
Because now both the incident homogeneous plane wave and the scattered outgoing spherical
wave propagate in the same direction and are transverse, their superposition is aso a

#87345 - $15.00 USD  Received 10 Sep 2007; revised 24 Sep 2007; accepted 24 Sep 2007; published 26 Sep 2007
(C) 2007 OSA 1 October 2007 / Vol. 15, No. 20/ OPTICS EXPRESS 13198



transverse wave propagating in the forward direction. Therefore, we can define the coherency
column vector of the total field for propagation directions f very closeto A"™ asfollows:

By (rP)[E, (r)]”
J(rf) = Re[ kl j E"(r[)[E“’(rrA)];, (65)
20, )| E,(r)[E,(rf)]
E,(rP)E,(rP)]
where the total electric field is given by
E(rf) = E™(rf) + ES(rf). (66)

Integrating the elements of J(rf) over the surface of the collimated detector aligned normal to
A" and using Egs. (32) and (34), we derive for the coherency-vector representation of the
polarized signal recorded by detector 1in Fig. 2:

(Signal 1)’ = deJ(rf)
s

: exp(-2K.r o —
~ Sexp(-2Kr)J"™ + SMZJ(&W, A™) 3™ — exp(- 2KT) K’ (@™) 3™,

r
(67)

where Z7 ("™, A™) is the forward-scattering coherency phase matrix, and the elements of the
4x4 coherency extinction matrix K’(i"™) are expressed in terms of the elements of the
forward-scattering amplitude matrix S(A'™, A"™) as follows:
Sl*l - Su Sz - %2 0
K’ = |2_7Z' gl Sz - 0 -S,
kl - %1 0 ql - %2 Skz
0 - 821 531 Szz - Szz

In the Stokes-vector representation,

(68)

Signal 1= IdSI(rF)
S

p(-=2Kir)
r2

~ Sexp(-2Kr) 1™ + s Z(H™, A™) 1™ — exp(—2K]r) KH™) 1™, (69)

where
I(rA™) = DJ(rA"™). (70)
The 4x4 Stokes extinction matrix K(A™) is given by
KA™) = DK’ (@™)D (71)

The explicit formulas for the elements of this matrix in terms of the elements of the forward-
scattering amplitude matrix S(A"™,A"™) are asfollows:

K = |2(7/1T|m(811+ Sy, i=1..4 (72)
Kp =Ky = %Im(ﬁl_ S, (73)
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2

K =Kg=- k,l Im(S,+ S,), (74)
i = K = 17 RE(S - ), (75
Ka=4w=%?W%—%% (76)
Km=4%=~%mﬁﬁ%J (77)
Ko = —Kg = %Rd%z— Sy (79)

The elements of the coherency and Stokes extinction matrices have the dimension of area and
are independent of the distance r to the observation point.

8. Reciprocity and backscattering symmetry

The reader can easily verify that Eq. (2.55) of [13] and Eq. (3.4.13) of [14] are quite genera
and are valid for absorbing as well as non-absorbing host media. Furthermore, the only
change in Eq. (2.61) of [13] and Eq. (3.4.18) of [14] isto replace k, with k. Therefore, the
resulting reciprocity relations for the scattering dyadic [29], the amplitude scattering matrix,
and the phase and extinction matrices remain the same as in the case of a non-absorbing host
medium:

A(_ﬁinc,_ﬁsca) — [A(ﬁsca, ﬁinC)]T, (79)
. ﬁsca, ﬁinc _ ﬁs:a! ﬁinc
seim—amy = | O ) )
_Slz(n N ) Szz(n N )
Z(-A",-A") = A[Z(H*, A™)]"A,, (81)
K(-A™) = A[KE™)]"A,, (82)
where
10 0O
A - 01 0O (83)
*Jloo-10
00 0 1
and T denotes atransposed matrix. The related backscattering symmetry properties
521(_ﬁyﬁ) = _Slz(_ﬁ!ﬁ)= (84)
le(_ﬁ!ﬁ) - 222(—ﬁ,ﬁ) + 233(—ﬁ, ﬁ) - Z44(—ﬁ, ﬁ) = Ov (85)
and
Ky(0™) K (™) K (™) Ky,(0™)
K(_ﬁin(:) — K21(ﬁmc) Kzz(ﬁmc) Kzs(ﬁmc) _K24(ﬁmc) (86)

— K3l(ﬁinC) ng(ﬁinc) K33(ﬁim) K34(ﬁin(:)
K™ —Kai™) K™ K@)
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remain unchanged as well.

9. Discussion

The formulas derived in this paper generalize those appearing in the theory of single
scattering by a fixed object embedded in a non-absorbing medium [8, 13, 14]. In fact, the
former can be reduced to the letter by setting Ime, = Imp, =k] =0 and k; =k,

The generalized VIE (8) as well as the generaized equation for the dyadic transition
operator, Eq. (10), fully retain their formal mathematical structure. However, their solutions
are now affected explicitly by non-zero absorptivity of the host medium.

The dyadic transition operator is independent of the amplitude and propagation direction
of the incident field, while still being dependent on the complex wave number of the host
medium. This means that T is independent of the specific location and orientation of the
scattering object with respect to the incident field. It depends, however, on the position and
orientation of the object with respect to the laboratory coordinate system.

An absorbing host medium can support inhomogeneous plane waves for which the real
and imaginary components of the wave vector are not paralel. Since the definition of the
Stokes parameters for such waves is problematic, our discussion of far-field scattering is
limited to the case of illumination by a homogeneous plane wave. The generalization to the
case of illumination by a field expandable in homogeneous plane waves is quite
straightforward.

Equations (11), (12), and (15) generalize the conditions of applicability of the far-field
approximation derived in [30] for the case of a non-absorbing host medium. Although the
corresponding modifications may appear to be insignificant mathematically, the practical
implications of Egs. (11), (12), and (15) can be quite dramatic if the host medium is even
moderately absorbing. Indeed, then the requisite minimal distance between the object and the
observation point may turn out to be large enough to essentially extinguish any observable
manifestation of electromagnetic scattering. Thus Egs. (11), (12), and (15) can often be
expected to render the very concept of far-field scattering practically useless, unless k]
remains sufficiently small.

The scattering dyadic and the scattering amplitude matrix are naturally defined in such a
way that they are independent of the amplitude of the incident field and, thus, of the position
of the object with respect to the incident field. They are also independent of the distance to
the observation point, but depend on the incidence and scattering directions. This way of
defining the scattering dyadic also serves to preserve the fundamental Saxon’s reciprocity
relation.

The transversality of the incident plane wave and the scattered spherical wave allows for a
straightforward generalization of the definition of the Stokes parameters as direct optical
observables. The quantities directly describing the response of far-field polarization-sensitive
detectors of electromagnetic energy flow are the phase and extinction matrices. They are
expressed in terms of the amplitude scattering matrix and as such are independent of the
amplitude of the incident field and of the distance to the observation point, but depend on the
incidence and scattering directions. They also satisfy the conventional reciprocity relations.

It follows from Egs. (64) and (69) that non-zero absorptivity of the host medium affects
the result of afar-field optical measurement in two ways. Firdt, it attenuates both the incident
light and the scattered light on their way to the detector. Second, it modifies the values of the
phase and extinction matrix elements. One can expect that in many cases the first effect is
likely to be more important. Indeed, if absorption is strong enough to affect the optical
properties of a wavelength-sized particle then it should be expected to be strong enough to
extinguish any practically observable manifestation of scattering at a multi-wavelength
distance from the particle to the detector. o o

For a sphericaly symmetric particle, S, (A"™,A"™) = S,,(("™, A"™) =S,(0° and
S,(A"™, A™) = S, (A™,A"™) = 0. Therefore, the third term on the right-hand side of Eq. (69)
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reduces to —exp(-2k;r)C,, '™, where the spherical-particle extinction cross section is given
by

7 ImS,(). (87)

Cu =

This formula corrects Eq. (11) of [23] and Eq. (8) of [4]. Indeed, taking into account that the
definitions of the amplitude scattering matrix in this paper and in [23] differ by a constant
factor i/k;, Eq. (11) of [23] can be re-written as C, =47rlm[811(0°)/ k,], which is different
from Eq. (87) above. The origin of the difference can be traced back to Egs. (6) and (7) of
[23] which are applicable only if the wave number in the host medium is real-valued. Since
the latter is assumed to be complex in genera, Egs. (6) and (7) of [23] can be used only after
separating out the real part of the wave number and making the exponent in Eq. (6) purely
imaginary. This, obviously, leads to Eq. (87) above.

As afinal remark we note that the assumption that the host absorbing medium is infinite
has simplified &l derivations considerably, but is a mathematical idedlization in that the
growth of the incident energy flux as one moves in the direction —A"™ appears to be
unlimited. Giving the medium a boundary located far from the scattering object and assuming
that the source of the incident wave is located outside of this boundary offers a simple
practical way out of this seemingly unphysica situation: the energy flow would increase
exponentialy with distance from the object until the medium’s boundary is reached where it
would then become constant.
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